We consider N =4 SU(2)⊗U(1) gauged supergravity on asymptotically-AdS 5 backgrounds. By a near-boundary analysis we determine the boundary-dominant components of the bulk fields from their partially gauge-fixed field equations. Subdominant components are projected out in the boundary limit and we find a reduced set of boundary fields, constituting the N =2 Weyl multiplet. The residual bulk symmetries are found to act on the boundary fields as four-dimensional diffeomorphisms, N =2 supersymmetry and (super-)Weyl transformations. This shows that the on-shell N =4 supergravity multiplet yields the N =2 Weyl multiplet on the boundary with the appropriate local N =2 superconformal transformations. Building on these results we use the AdS/CFT conjecture to calculate the Weyl anomaly of the dual four-dimensional superconformal field theories in a generic bosonic N =2 conformal supergravity background.
Introduction
Supergravities on Anti-de Sitter (AdS) spaces play a prominent role in the AdS/CFT correspondence [1] , which -in the weakest form of the conjecture -relates classical ten-dimensional supergravity on the near-horizon limit of p-brane backgrounds to strongly-coupled superconformal quantum field theories (SCFT) on p+1-dimensional flat space. The near-horizon geometry of the p-brane solutions is typically given by a product of AdS space and a compact manifold, on which one may perform a Kaluza-Klein expansion. Gauged supergravities on AdS spaces are then employed to describe the Kaluza-Klein expanded ten-dimensional theory truncated to a finite number of Kaluza-Klein modes, and consequently also for a dual description of the corresponding SCFT sector [2] . The explicit AdS/CFT duality relation is given by interpreting the boundary values of the supergravity fields as sources for the dual operators of the SCFT [3] , and it has been applied to describe a variety of phenomena in strongly-coupled Quantum Field Theories (QFT) [4] .
In this work we consider five-dimensional half-maximally supersymmetric gauged supergravity. The general gauged matter-coupled N =4 supergravities in five dimensions were constructed in [5, 6] , and it was noted in [5] that AdS ground states are only possible if the gauge group is a product of a one-dimensional Abelian factor and a semi-simple group. We focus on the N =4 SU(2)⊗U(1) gauged supergravity constructed by Romans [7] , the only gauging of the pure supergravity without additional matter multiplets which admits an AdS vacuum. Solutions of this theory can be lifted to solutions of the IIB supergravity [8] where they correspond to product geometries involving S 5 , and also to warped-product solutions of IIA supergravity and the maximal d=11 supergravity [9, 10] . We restrict the configuration space to asymptotically-AdS 5 geometries with an arbitrary four-dimensional boundary metric. By an analysis of the asymptotic field equations we determine the multiplet of boundary fields, and from the local bulk symmetries we obtain the boundary symmetries with the induced representation on the boundary fields. This limiting procedure does not involve the AdS/CFT conjecture and does not rely on the choice of boundary conditions. We find the N =2 Weyl multiplet with local N =2 superconformal transformations. Similar calculations have previously been carried out for bulk theories in d=3, 6, 7 dimensions and for N =2 supergravity in d=5 [11] . Having established the asymptotic behaviour of the bulk fields and their symmetry transformations we then present a first application using the AdS/CFT conjecture. For the bosonic sector of the bulk supergravity we carry out the holographic renormalization [12, 13] and calculate the Weyl anomaly of the dual four-dimensional SCFTs in a generic bosonic N =2 conformal supergravity background. This extends the existing results for nontrivial metric and dilaton backgrounds [12, 14, 15] 1 .
Our results on the asymptotic structure of the N =4 gauged supergravity may also be relevant in the following context. A duality relation of QFTs on AdS space and on its conformal boundary has been formulated and proven in [17] in the framework of algebraic QFT. In contrast to the AdS/CFT correspondence, gravity does not seem to play a dedicated role in the algebraic holography. In particular, the constructions in [18] suggest that a gravitational theory is induced on the conformal boundary by a gravitational bulk theory. A similar result was obtained in [19] by deforming the AdS/CFT correspondence. It was shown there that changing the Dirichlet boundary conditions to Neumann or mixed boundary conditions promotes the boundary metric to a dynamical field. In this context our construction yields the kinematics of the boundary theory, for which we thus expect an N =2 conformal supergravity.
The paper is organized as follows. In Section 2 we review the N =4 SU(2)⊗U(1) gauged supergravity [7] to fix notation. In Section 3 the notion of an asymptotically-AdS 5 space is introduced and the multiplet of fields induced on the conformal boundary is constructed. We employ Fefferman-Graham coordinates and partial gauge fixing of the local super-, Lorentz and SU(2)⊗U(1) symmetries. The asymptotic scalings of the boundary-irreducible components of the bulk fields are determined in Section 3.1 from the linearized field equations. Subdominant components are projected out in the boundary limit and we find a reduced set of boundary fields, constituting the N =2 Weyl multiplet. These results are extended to the nonlinear theory in Section 3.2, where we argue for the consistency of the previous construction with the interaction terms. We also determine those of the subdominant bulk field components which then enter the boundary symmetry transformations. The residual bulk symmetries preserving the gauge fixings, and their action on the boundary fields are determined in Section 3.3. This yields the complete local N =2 superconformal transformations of the Weyl multiplet. In Section 4 we use the AdS/CFT correspondence to calculate the Weyl anomaly of the dual SCFTs in an external bosonic N =2 conformal supergravity background. To this end we determine the required subleading modes of the bulk fields in Section 4.1 and carry out the holographic renormalization in Section 4.2. We conclude in Section 5. Two appendices contain an overview of our conventions and connect the results of Section 3.3 to the literature on N =2 supergravity multiplets.
Romans' N=4 SU(2)⊗U(1) gauged supergravity
In this section we briefly discuss the five-dimensional gauged supergravity [7] in order to fix notation. The theory has N =4 supersymmetry (counted in terms of symplectic Majorana spinors) with R-symmetry group USp(4), of which an SU(2)⊗U(1) subgroup is gauged. The symplectic metric is denoted by Ω, and exploiting the isomorphism usp(4) ∼ = so(5) the Lie algebra generators are given by Γ mn := 1 2 [Γ m , Γ n ] with so(5) vector indices m, n, and Γ m satisfying the five-dimensional Euclidean Clifford algebra relation 2 {Γ m , Γ n } = 2δ mn 1. With the obvious embedding of su(2)⊕u(1) ∼ = so(3)⊕so(2) into usp(4) ∼ = so(5), the vector index m decomposes into m = (I, α) with I = 1, 2, 3 and α = 4, 5. We consider the theory referred to as N =4 + in [7] , for which the SU(2) gauge coupling g 2 is fixed in terms of the U(1) coupling g 1 by g 2 = + √ 2g 1 =: g. For this choice of couplings the theory admits an AdS solution. The bosonic field content is given by the vielbein e a µ , two antisymmetric tensor fields B α µν , the SU(2) and U(1) gauge fields A I µ and a µ , respectively, and a scalar ϕ. The four gravitinos ψ i µ and four spin-1 2 fermions χ i comprising the fermionic field content are in the spinor 4 of usp(4), which decomposes as 4 → 2 1/2 + 2 −1/2 . The vector and tensor fields originate from the vector representation, decomposing as 5 → 3 0 + 1 1 + 1 −1 . The spinors satisfy the symplectic Majorana condition, e.g.χ i = χ i T C with the conjugateχ i := (χ i ) † γ 0 , the metric is of signature (+, −, −, −, −) and the γ-matrices are chosen such that γ abcde = ǫ abcde with ǫ 01234 = 1. For a summary of the conventions see Appendix A. From this point on we denote five-dimensional objects with hat and four-dimensional ones without, e.g. five-dimensional spacetime indicesμ = (µ, r) with µ = 0, 1, 2, 3. The Lagrangian as given up to four-fermion terms in [7] is
2 The Γm can all be chosen hermitian, such that Γ † mn + Γmn = 0. With the charge conjugation matrix CE satisfying CEΓmC 
with ξ := exp 2 3φ and the scalar potential P (φ) :
The covariant derivative on the spinor 4 of usp (4) is given bŷ
with the spacetime-covariant derivative∇μ and Γ IJ = −ǫ IJK Γ K45 . Acting on a spinor ∇μ = ∂μ + 1 4ωâb µγâb , and the curvatures are defined by
On the vector 5 of usp(4) the covariant derivative is given bŷ
The supersymmetry transformations to leading order in the fermionic terms are
where
iγμǫj . The commutator of two supersymmetries is -to leading order in the fermionic fields -given by
where δX denotes a diffeomorphism withXμ = −iǫ i 1γμǫ 2i , δΣ is a local Lorentz transformation withΣâb =Xμωâb µ + 2iǫ
and δσ and δτI denote U(1) and SU(2) gauge transformations, respectively, witĥ
3 Local N=2 superconformal symmetry on the boundary of asymptotically-AdS configurations
We now restrict the configuration space of the theory discussed in the previous section to geometries which are asymptotically AdS 5 , and discuss the fields and symmetries induced on the conformal boundary. We give a brief discussion of asymptotically-AdS spaces in the following, and refer to [20] for more details. The metric signature and curvature conventions are those of Section 2 and [7] , i.e. AdS has positive curvature.
A metricĝ on the interior of a compact manifold X with boundary ∂X is called conformally compact if, for a defining function r of the boundary (meaning that r| ∂X = 0, dr| ∂X = 0 and r| intX > 0), the rescaled metricḡ := r 2ĝ extends to all of X as a metric. For such a conformally compact metricĝ the conformal structure [ḡ| T ∂X ] induced on ∂X and the boundary restriction of the function |dr| 2 g :=ḡ −1 (dr, dr) are independent of the choice of defining function. The curvature of the metricĝ is given bŷ
where we denote tangent-space indices on T X with hat, e.g.μ,ν, and tangent-space indices on T ∂X are denoted without hat. Asymptotically,ĝ thus has constant sectional curvature given by −|dr| 2 g , and we call a conformally compact metricĝ an asymptotically-AdS metric if the value of the sectional curvature is positive and constant on the boundary, i.e. |dr| 2 g = −1/R 2 on ∂X for some constant R. Note that we do not demandĝ to be Einstein.
A representative metric g (0) of the boundary conformal structure uniquely determines a defining function r such that g (0) = r 2 R 2ĝ | T ∂X and |dr| 2 g = −1/R 2 in a neighbourhood of ∂X. Choosing this defining function as radial coordinate, the metricĝ takes the Fefferman-Graham formĝ
µν (x) + . . .
with g of signature (+, −, −, −) and the limit r → 0 corresponding to the conformal boundary. The expansion of g in powers of r is justified whenĝ satisfies vacuum Einstein equations, which, however, we do not assume here. For the time being we will still use that expansion and refer the discussion of its validity to Section 3.2.
According with the Fefferman-Graham form of the metric, we partially gauge-fix the local Lorentz symmetry such that the vielbein is of the form
with e a µ (x, r) = e µ (x) + . . . . We denote Lorentz indices byâ = (a, r) with an underline below r to avoid confusion. For the gravitinos and the SU(2)⊗U(1) gauge fields we employ axial gaugesψ ri ≡Â I r ≡â r ≡ 0. In this setting we construct the fields induced on the conformal boundary in Section 3.1. For the discussion of the induced symmetry transformations we will be interested in the residual bulk symmetries preserving the gauge-fixing conditions. These are to be determined as solutions to
where δX , δΣ, δǫ denote diffeomorphisms, local Lorentz and supersymmetry transformations, respectively. The solutions and their action on the boundary fields will be discussed in Section 3.3.
The spin connection is treated in 1.5 th -order formalism and fixed by its equation of motion as derived from (1). We splitωμâb =ωμâb(ê) +ωμâb(ê,ψ,χ) where the torsion-free partωμâb (ê) calculated from (12) has the non-vanishing componentŝ
and for the remaining part involving fermions we find
Thus, the Lorentz-covariant derivative on spinor fields readŝ
whereγμ =êâ µ γâ , γ µ = e a µ γ a . For notational convenience we defined ∇ (e)
Boundary fields
In this section we construct the fields induced on the conformal boundary. Similar to the construction of the induced conformal structure on the boundary, we define the classical boundary field as follows. For a bulk fieldφ with asymptotic r-dependenceφ(x, r) = O(f (r)), we define the rescaled field φ(x, r) := f (r) −1φ (x, r). This rescaled field then admits a finite, nonvanishing boundary limit, which is interpreted as the boundary field 3 .
Therefore, to determine the multiplet of boundary fields, we have to fix the asymptotic scaling of the various fields. To this end we consider their equations of motion linearized in all fields but the metric/vielbein and decomposed into boundary-irreducible components, e.g. into fourdimensional chiral components for a bulk spinor field. The leading order in the boundary limit turns out to be an ordinary differential equation in r, and is solved by fixing the scalings of the different boundary-irreducible bulk field components. The rescaled field is defined by extracting the asymptotic r-dependence of the dominant field component, thereby subdominant components are projected out in the definition of the boundary field. The results obtained in this way on the basis of the linearized field equations are extended to the nonlinear theory in Section 3.2.
We start with the vielbein, for which the asymptotic r-dependence is already fixed by (11), (12) and the induced boundary field is given by e a µ (x, 0). As discussed in [7] , Einstein's equations as derived from (1) in a pure metric-dilaton background read
and the scalar potential P (φ), having exactly one extremum φ, P (φ) ≡ 0, 3 8 g 2 , provides a cosmological constant such that AdS 5 is a vacuum solution. Here we do not restrict the theory to the metric-dilaton sector and only demand (17) to be solved at leading order in the boundary limit. From (10) we find thatĝ indeed solves the leading order provided that the asymptotic curvature radius R is fixed in terms of the gauge coupling as R 2 = 8/g 2 . In Section 3.2 we show that -with the scalings obtained in this section -all other terms in the complete Einstein equations contribute to the subleading orders only. In the following we fix g = 2 √ 2 such that R = 1.
For the gravitinos, which we consider next, the nonlinear equation of motion readŝ
To fix T ij (see (2)) we note that, since it squares to −1 and is traceless, Γ 45 has eigenvalues ±i, each with multiplicity 2. We choose a usp(4) basis where Γ 45 is diagonal (Γ 45 )
Since theψ
by the symplectic Majorana condition, it is sufficient to consider the i + -components. Solving (19) at leading order in r yields the two independent solutionsψ µi
finite. Thus, the gravitinos lose half of their components in the boundary limit and the rescaled field ψ µi + := r 1/2ψ µi + yields the two chiral gravitinos ψ L µi + | r=0 as boundary fields.
Proceeding with the fermionic fields we now discuss the spin- 
Solving the linearized L/R projections given by
at leading order for i = i + we find as dominant solutionχ 
with J 1μν ij = iψρ iγ [ργμνγσ]ψσ j , J 2μν ij = iψρ iγμνγρχ j and J 3μν ij = iχ iγμνχj . From the µr-components of the linearized equationĈ µr is fixed in terms ofĈ µν byĈ µr = 1 2 ire −1 ǫ ρστ µ ∂ ρĈστ , and is of higher order in r. The (anti-)selfdual parts of the linearized µν-components
then yield the solutionsĈ
. Thus, the antiselfdual partĈ − is dominant in the boundary limit and the selfdual partĈ + is projected out in the definition of the boundary field.
For the U(1) and SU(2) gauge fields the equations of motion are
Dν êξ
with
For the ansatzâ µ = r α a µ the leading order of the linearized equation yields α ∈ {0, 2}, and similarly forÂ I µ . Thus,â µ andÂ µ are itself finite in the boundary limit and define boundary vector fields without rescaling.
It remains to analyze the scalar fieldφ with equation of motion
The linearized equation is given by
with D r = r∂ r − 2, and the leading-order part is solved by r 2 ϕ 1 (x, r) and r 2 log(r) ϕ 2 (x, r) with ϕ 1/2 | r=0 finite. The boundary scalar field is thus defined by extracting the dominant scalingφ =: r 2 log(r)ϕ and restricting ϕ to the boundary. In summary, the multiplet of boundary fields is given by (e a µ , ψ L
Nonlinear theory and subdominant components
The splitting into dominant and subdominant components and the scaling of the dominant parts as obtained above from the linearized equations of motion fixes the definition of the boundary fields. It remains to be checked whether the obtained scaling behaviour is consistent in the nonlinear theory. Furthermore, the subdominant components of some of the fields are required for the symmetry transformations to be discussed in Section 3.3. These two points are addressed in the following. Note that this discussion does not include the four-fermion terms which are not spelled out in [7] . However, as we find quite some cancellations taking place to ensure consistency of the previously obtained results at the leading orders in the fermions, we expect that this consistency is not accidental and extends to the four-fermion terms as well.
Since the analysis of Section 3.1 crucially relies on the form of the metric (11) in a neighbourhood of the boundary, the first thing to be checked is the validity of the Fefferman-Graham form. Considering the terms in the Lagrangian (1) with the scaling of the fields as obtained in the previous section,êR(ω) and the cosmological constantêP (0) are O(r −5 ) while the other terms are O(r −3 ). Thus, the leading order of Einstein's equations reduces to the form discussed in the previous section and the Fefferman-Graham form of the metric (11) is justified. In particular, since there are no O(r −4 ) terms in the Lagrangian, there is no O(r) contribution to g µν (x, r) and the expansion in (11) is justified. Next, we consider the spin connection (14), (15) . With the scaling as obtained before,ω µab (ê,ψ,χ) = O(r 0 ) and the other components ofωμâb(ê,ψ,χ) are of O(r). Therefore, the fermionic terms do not alter the O(r −1 ) part of the covariant derivative (16), which was relevant for the previous section. For the four-dimensional Lorentz-covariant derivative ∇ µ defined in (16) we find
From (3) the four-dimensional gauge and Lorentz covariant derivative acting on a boundary spinor is
For the remaining fields we study the interaction terms of (1) directly in the field equations. They turn out to be subdominant in the equations for the boundary-dominant field components, such that their scaling is not affected. They do, however, alter the subdominant components, some of which are in fact not subdominant but play the role of auxiliary fields on the boundary. We start with the gravitinos, for which the scaling ofψ L µi + was determined from the P L -projection of (18) at O(r 3/2 ). One easily verifies that the interaction terms in (18) are of O(r 5/2 ) and thus the analysis of the previous section is not affected. To determine the subdominant components we consider the P R projection of theμ=µ components. Noting that (Γ α )
, we find
where γ · C := γ µν C µν and
T by the symplectic Majorana condition, and a possible C + -contribution drops out due to γ · C ± = γ · C ± P R/L . For later convenience we define the quantity
and note that it is anti-selfdual i ⋆ R µν i + (Q) = −R µν i + (Q) and satisfies γ µ R µν i + (Q) = 0.
We continue with the tensor fieldĈμν . Using 1 2 (γ µν ± i ⋆ γ µν ) = γ µν P R/L we find the interaction terms subdominant in the anti-selfdual part of (22) withμν=µν, which was used to determine the scalingĈ − µν = r −1 C − µν . In the selfdual part the interaction terms are not subdominant, but rather fixĈ + µν = r −1 C + µν with
Thus,Ĉ + µν is in fact not subdominant with respect toĈ − µν . However, since its boundary value is completely fixed in terms of the other boundary fields,Ĉ + µν plays the role of an auxiliary field on the boundary. From theμν=µr components we find the subdominantĈ µr = C µr with
For the spin-
was obtained from the P L projection of (20) at O(r 3/2 ).
The only additional contribution at that order is ∝ γ ρ γ · C
which is a three-fermion term by (32) and we expect it to be cancelled by contributions of four-fermion terms in (1). We conclude that -up to the four-fermion terms not considered here -the obtained scaling forχ L i + is not affected by the interaction terms. The subdominant righthanded part is fixed from the P R -projection of (20) and we findχ
In the equations for the gauge fields (24), (25) −1 ∂ν iêψ î µγνγμχ i cancel. The remaining terms are subleading and thus the cancellations justify the analysis of the linearized equations also forφ. We conclude that the scaling behaviours obtained from the linearized equations of motion with the modifications for the subdominant components discussed here are consistent in the nonlinear theory as given by (1).
Induced boundary symmetries
Having obtained the multiplet of boundary fields in the previous section we now discuss the symmetries on the boundary. To this end we determine the residual bulk symmetries from the constraints (13) and examine their action on the boundary fields, which is defined straightforwardly e.g. δφ := lim r→0 f (r) −1δφ for a boundary field φ = lim r→0 f (r) −1φ . Relevant to us are solutions to the constraints (13) which act nontrivially on the boundary fields, and in the following we discuss certain special solutions which generate the general symmetry transformation of the boundary fields.
The constraint thatê r r andê a r be preserved yields that, for an arbitrary λ(x),
We parametrize the U(1) and SU(2) gauge transformations byσ(x, r) andτ I (x, r), respectively, and using (35) the remaining constraints are
Thus, (13) is solved forǫ ≡ 0, λ ≡ 0 andXμ = (X µ (x), 0),Σâĉ = δâ a δ ĉ c Σ a c (x),τ I = τ I (x) andσ = σ(x), acting as four-dimensional diffeomorphisms δ X , local Lorentz transformations δ Σ and SU(2)⊗U(1) gauge transformations δ τ I , δ σ , respectively, on the boundary fields. The Weyl weights of the boundary fields are fixed by the scaling of the bulk fields from which they are defined, e.g. for φ := lim r→0 r αφ we have δ w φ := lim r→0 r αδ wφ = −αλ(x)φ. Finally, we set λ ≡ 0 and consider non-vanishingǫ i solving (36d). Similarly to the mass terms in the spinor field equations, the T ij -term in (36d) affects a splitting of the chiral components when solving the leading order in r. We find the two independent solutionŝ
are fixed by solving the remaining constraints, such that δX ,Σ,σ,τ I transform the subleading modes of the bulk fields only. On the boundary fields we thus have a purely fermionic transformationδǫ.
We define ζ i + := ǫ L i + (x, 0), ζ i + := ǫ Ri + (x, 0), such that ζ i + is related to ζ i + by the symplectic Majorana condition, and similarly η i + := ǫ R i + (x, 0), η i + := ǫ Li + (x, 0). To leading order in the fermionic fields the ζ-transformations of the boundary fields are
. These correspond to N =2 (Q-)supersymmetry transformations of the boundary fields. The η-transformations are given by
and correspond to special conformal (S-)supersymmetry or super-Weyl transformations. The constrained field components Φ R µi + , C + µν and C µr are given by (30), (32) and (33), respectively, and the covariant derivative by (29) . With χ R i + as given in (34) the transformation of the scalar field may be rewritten as
where δ ζ (ψ µ ) denotes a field-dependent ζ-supersymmetry transformation with parameter
, and analogously for δ η (Φ µ ) with
The commutators of Q-and S-supersymmetries can be derived from (7) and we find
where in (40a) the diffeomorphism is X Altogether, we find the boundary degrees of freedom with properties as given in Table 1 and with the fermionic symmetry transformations (37), (38). The off-shell degrees of freedom are given as the difference of field components and gauge degrees of freedom, e.g. for the chiral gravitino we count 16 components from which 2 · 4 degrees of freedom are removed for the chiral ζ and η supersymmetry transformations. Likewise, of the 16 vielbein components 4 degrees of freedom are subtracted for diffeomorphisms, 6 for local Lorentz and 1 for Weyl transformations. As seen from Table 1 , the total numbers of bosonic and fermionic degrees of freedom, both being 24, match nicely, and the boundary fields fill the N =2 Weyl multiplet, see [21, 22] . The bulk SU (2)⊗U (1) gauge symmetry has become the chiral U(2) transformations contained in SU(2, 2|2) to close the commutator of Q-and S-supersymmetries.
Application: Holographic Weyl anomaly
In this section we give an application of the previous results using the AdS/CFT conjecture. As noted in the introduction, solutions of Romans' theory can be lifted to the ten-dimensional IIA/B supergravities and to the maximal d=11 supergravity. In particular, the AdS 5 vacuum lifts to AdS 5 ×S 5 in IIB supergravity [8] and to a solution describing the near-horizon limit of a semi-localized system of two sets of M5-branes in M-theory [9] . The latter solution can be understood as uplift of a solution in the IIA theory describing an elliptic brane system with D4 and NS5 branes [23] . Thus, the fluctuations around AdS are understood as a dual description of a subsector of N =4 SYM theory via the lift to IIB supergravity, and as dual to the N =2 SCFTs on the M5-brane intersection and on the D4 branes via the lifts to M-theory and IIA supergravity, respectively.
An important result in AdS/CFT is that the appearance of a Weyl anomaly in the SCFT in an external supergravity background can be understood holographically as follows [12, 13, 24] . In the limit where string theory is appropriately described by supergravity, the generating functional of the SCFT correlation functions in the conformal supergravity background g µν , . . . with sources δg µν , . . . is related to the path integral of the dual supergravity as a functional of the boundary conditions by [25] [
The remaining supergravity fields and boundary conditions on the left hand side and the remaining SCFT operators and sources on the right hand side are implicit. In the limit where the bulk supergravity becomes classical, the path integral reduces to the integrand evaluated on the solution of the classical field equations 4 .
The on-shell supergravity action, however, is divergent and has to be regularized, e.g. by introducing an IR cutoff on the radial coordinate r ≥ ǫ. This reflects the need for regularization of UV divergences on the CFT side. The renormalized supergravity action
is then constructed from the regularized action S sugra,ǫ , the Gibbons-Hawking-York term S GHY for a well-defined variational principle and the counterterm action to render the limit ǫ → 0 finite. It turns out that the 1/ǫ k divergences can be removed by adding (bulk-)covariant boundary terms S ct , constructed e.g. from the induced metric. In odd dimensions, however, there is also a log ǫ divergence, the counterterm for which explicitly depends on (the coordinate of) the cutoff ǫ. Due to this explicit cutoff dependence the renormalization breaks invariance under those bulk diffeomorphisms that act as Weyl rescalings on the boundary. Applying such a diffeomorphism inducing a Weyl transformation on the boundary, as discussed in Section 3.3, yields the anomalous boundary Ward identity corresponding to Weyl invariance.
The anomalous trace of the energy-momentum tensor in pure-metric backgrounds has been calculated in [12] from pure gravity in the bulk. The extension to dilaton gravity can be found in [14] and higher-order curvature terms in the bulk arising from higher orders in the effective string-theory action are discussed in [15] . We now study the Weyl anomaly of the SCFTs dual to Romans' theory in generic bosonic N =2 conformal supergravity backgrounds.
To this end we truncate the five-dimensional N =4 supergravity to its bosonic sector, which is consistent because the fermionic field equations are solved trivially byψμ i ≡χ i ≡ 0.
The bosonic part of the N =2 Weyl multiplet of boundary fields as determined in the previous section is given by e a µ , A I µ , a µ , C − µν , ϕ , and we label the bosonic part of the dual multiplet of SCFT currents by T a µ , J I µ , j µ , L µν , φ . T a µ , J I µ and j µ are the classically conserved currents 5 and L µν , φ complete the bosonic part of the supermultiplet. Equation (41) then yields
We choose the variations of the boundary conditions such that they correspond to a Weyl transformation, δe a µ = −λe a µ and likewise for the remaining fields. Extending them into the bulk to a diffeomorphism as discussed in Section 3.3, generated by the vector field (X µ , λr) with ∂ r X µ = rg µρ ∂ ρ λ and X µ | r=0 = 0, yields the anomalous Ward identity
In the remaining part of this section we will determine A. To this end we have to solve the nonlinear field equations of the various fields as asymptotic series in a vicinity of the boundary, which then allows us to determine the divergences of the on-shell action and the required counterterms.
On-shell bulk fields as asymptotic series
We now determine the required subleading modes of the bulk fields from their field equations. For the matter fields the equations have been given in Section 3.1 and Einstein's equations for the bosonic sector read 6
The coupled system of equations can be solved order by order in an expansion around the asymptotic boundary. The leading order has been discussed in Sections 3.1 and 3.2. To consistently solve the Dirichlet problem log r terms have to be included in the expansions, which yields the asymptotic forms
µν + r 3 g
µν + r 4 (log r) 2 h
µν + r 4 log r h
The leading mode C
µν of the tensor field is anti-selfdual and the r log r term C + (1) µν selfdual. Note the additional r 4 (log r) 2 term in the metric expansion as compared to the pure-gravity case. This is necessary due to theφ 2 term in (45). Due to the additional log-terms and the fact that h (1) µν is not traceless (as will be seen below), the bulk-covariant counterterms cancelling the 1/ǫ k -divergences do contribute additional log-divergences (in contrast to the pure-gravity case) and we have to determine them first. The 2 nd -order field equations fix the bulk fields in terms of two sets of boundary data. Namely, the bulk metricĝ is fixed from the boundary metric g (0) and the traceless and divergence-free part ofg (4) , the two-form field C is determined by specifying the anti-selfdual boundary field C −(0) and the selfdual part of C (2) , and the Dirichlet data forφ is given by ϕ (0) andφ (1) . Thus, only the leading modes of the on-shell bulk fields are fixed in terms of the boundary fields alone. The second set of boundary data is linked to the choice of SCFT states.
To determine g (2) µν we need the µν-components of the Ricci tensor for the metric (11) . With a prime denoting differentiation with respect to r and R µν (ω) being the curvature of the four-dimensional spin connection ω µab they read
Solving the µν-components of (45) at O(r −1 ) shows that there is no contribution to g µν (x, r) linear in r. Solving at O(r 0 ) shows
Note that the last term is real due to the anti-selfduality of C
µν . For the gauge fields we find from (24) and (25) that the first subleading modes are o(r). Equation (22) yields
For the on-shell action we also need the expansion of the vielbein determinant
where 2) . These traces can be determined from the rr-components of (45) witĥ
For notational convenience we defineĈ ρσĈ ρσ =: r 4 log r c 
Note the dependences on c (1) andφ (1) which are not fixed by the near-boundary analysis.
Holographic renormalization
Having calculated the necessary terms in the asymptotic expansions of the bulk fields we now determine the divergences of the on-shell action and the necessary counterterms. Using (45) and (22) the Lagrangian (1) truncated to the bosonic sector reads
Naïvely, one may expect terms of order r −1 (log r) 2 and r −1 log r in L on-shell , e.g. due to the scalar and tensor field terms. This potentially leads to (log ǫ) 3 and (log ǫ) 2 divergences in the on-shell action. However, it turns out that the contributions fromê to these terms cancel the others, such that only terms proportional to r −n with n = 5, 3, 1 and O(r 0 ) are nonvanishing in L on-shell . As may be verified with the expansions of the previous section, S sugra,ǫ +S GHY +S ct with
only has a logarithmic divergence in the limit ǫ → 0, i.e. all 1/ǫ k divergences are cancelled. The * denotes induced quantities on the boundary, e.g. the pullback of the vielbein and the twoform fieldĈ, and indices are contracted with the induced vielbein and metric.K :=êμ aKâ µ is the trace of the extrinsic curvature of the boundary 7 ,Kâ µ =ωâ r µ . We note that also S GHY and S ct separately only have power-law and log ǫ divergences, e.g. theφ 2 term in S ct cancels the (log ǫ) 2 divergence in the cosmological-constant term − 3 2ê * . Thus, the only remaining 7 The extrinsic curvature is defined asKμν := Pρ µ Pσ ν∇ρnσ with the projector Pν µ = δν µ −nμnν /ĝ(n,n) and the outward-pointing unit normal vector fieldnμ =êμ r . Using the vielbein postulate this yieldsKâ µ =ωâ r µ .
divergence is log ǫ, which is consistent with the expectation that the Weyl anomaly of the dual theory is exhausted at one-loop 8 . A slight subtlety arises for theê * Ĉ * µνĈ * µν term in S ct . Since the leading term vanishes on-shell thanks to the anti-selfduality of C −(0) µν , it only contributes a logarithmic divergence. However, as it does not explicitly depend on the cutoff and therefore does not contribute to the Weyl anomaly we include it in S ct with a for now arbitrary numerical coefficient α.
The remaining counterterm required to cancel the log ǫ divergence depends on α and is given by
where we defined the modified curvature R µν := R * µν (ω) + 4Ĉ * µρĈ * ρ ν and D a is the covariant derivative with the four-dimensional spin connection ω µab . The dependence on α is seen in the last term, where
Clearly, the choice of α will affect the Weyl anomaly, so it has to be fixed. As the renormalized bulk action should yield finite correlation functions for the boundary theory, we calculate the one-point function of the energy-momentum tensor of the dual Yang-Mills theory. According to (43) it is given by 
where S ren sugra,ǫ is the action defined in (42) before taking the limit ǫ → 0. T a µ is the Brown-York quasilocal energy-momentum tensor [26] of the bulk supergravity with regularization r ≥ ǫ and supplemented by the counterterms. We find
Inserting the on-shell expansion of the fields as obtained in Section 4.1, the leading part of C * µνĈ * aν does not vanish and contributes at O(ǫ). Demanding a finite limit in (56) then fixes
Similarly, finiteness of L µν also requires this choice of α. The reason why finiteness of the one-point functions requires a fixed α while finiteness of the on-shell action does not can be seen as follows. The vanishing of the leading order of the countertermĈ * µνĈ * µν due to the anti-selfduality of C −(0) µν relies on the contraction of the two-form fields with the metric. Therefore, finiteness of the action evaluated on solutions of the classical field equations does not guarantee finiteness of the variations with respect to the metric or the two-form field evaluated on classical solutions.
Finally, we obtain the anomalous contribution to the Ward identity (44) from the variation of (55) for α = 1 4 and find, with R
The curvature-squared part of the first term yields the difference of the squared Weyl tensor and the four-dimensional Euler density, and the mixed terms complete the kinetic term of the two-form field to its Weyl-invariant form. Note that the anomaly depends on the boundary fields only, i.e. the dependences onφ (1) and c (1) , which are not fixed by the near-boundary analysis, have dropped out. This is to be expected as the anomaly is a UV effect in the dual theory. From the dual Yang-Mills theory point of view, the Weyl anomaly of N =4 SYM theory should be given by the Lagrangian of N =4 conformal supergravity [16] . As noted before, the bulk theory discussed here provides a holographic description of a subsector of that theory and thus the Weyl anomaly should correspond to a subsector of the N =4 conformal supergravity Lagrangian. Comparing the holographic Weyl anomaly (58) to the construction of four-dimensional extended conformal supergravity in [27] , it indeed matches the bosonic part of the N =2 conformal supergravity Lagrangian (5.18) of [27] . Thus, our result gives further support to the AdS/CFT conjecture.
Conclusion
In this paper we have studied SU(2)⊗U(1) gauged N =4 supergravity on asymptotically-AdS 5 backgrounds. We have constructed the multiplet of fields induced on the conformal boundary and determined the induced representation of the local bulk symmetries on the boundary fields. This has shown that the boundary degrees of freedom, which are given in Table 1 , fill the N =2 Weyl multiplet and that the complete local N =2 superconformal transformations are induced, with Q-and S-supersymmetry transformations given in (37), (38).
For the constructions we have employed gauge fixings for the bulk symmetries, which were chosen such that they do not cause a fixing of the symmetries induced on the boundary. Different gauge fixings are expected to yield the same boundary fields and symmetries, possibly gauge fixed and/or with additional gauge degrees of freedom. An interesting task is to study this in the BRST approach. Note also that for the cases discussed here the rescaled boundary limit of the bulk fields agrees with their rescaled pullback to the boundary.
In the second part we have used these results and the AdS/CFT conjecture to study the fourdimensional SCFTs dual to Romans' theory, e.g. the worldvolume theory on the D4-branes of the elliptic brane configuration studied in [23] . For that purpose, we have carried out the holographic renormalization of the bosonic sector of the gauged N =4 supergravity. As we have seen, the boundary terms (54), (55) ensure finiteness of the action evaluated on solutions of the classical field equations, and for α = 1 4 also of the variations of the action evaluated on the classical solutions. In particular, we found a finite SCFT energy-momentum tensor which is obtained as the rescaled boundary limit of the Brown York energy-momentum tensor of the bulk theory (57). The boundary terms (55) break part of the bulk diffeomorphism invariance, which leads to the anomalous contribution (58) to the boundary Ward identity for Weyl invariance (44). Thus, we have obtained the Weyl anomaly for the dual SCFTs in a generic bosonic N =2 conformal supergravity background, including the matter field contributions.
An interesting point for further investigation concerns the holographic counterterms. Remarkably, as shown in [28] , for lower-dimensional theories the holographic counterterms coincide with the boundary terms required by supersymmetry in the presence of a boundary. It would certainly be interesting to see whether demanding supersymmetry is sufficient to reproduce the boundary terms obtained here. Furthermore, the renormalized action and Brown-York energy-momentum tensor (57) may be useful for characterizing solutions of Romans' theory involving matter fields, e.g. for the solutions with non-Abelian gauge fields discussed in [29] .
Another field for further research is in a somewhat different direction. A duality relation reminiscent of the AdS/CFT correspondence has been formulated and proven in [17] in the context of algebraic QFT. Although it is unclear whether the bulk theory considered here can be fit into the framework of algebraic QFT, we may still try to interpret the results of the first part on the asymptotic structure in that context 9 . While the physical interpretation of the boundary theory in [17] is not immediately clear, the constructions in [18] , where the boundary Wightman field is constructed as boundary limit of the rescaled AdS Wightman field, suggest that the boundary fields constructed here indeed constitute the field content of the boundary theory. This may also be understood in the context of [19] , where it was shown that, replacing the Dirichlet boundary conditions employed in the AdS/CFT correspondence by Neumann or mixed boundary conditions, the boundary metric can be promoted to a dynamical field. An interesting task left for the future is to combine our results with the appropriate boundary conditions to construct a dynamical conformal supergravity on the boundary. 
The conjugate is denoted by (Γ m ) ij = (Γ m ) ij * and the so(5) generators satisfy (Γ mn ) ij = (Γ mn ) ji . The convention for ǫ αβ is ǫ 45 = ǫ 45 = 1.
As usual, the Landau notation is defined by 
B Comparison to [21] To connect the superconformal transformations (37), (38), (39) to the results obtained in [21] we first redefine the tensor field as C µν := C µν − i (Γ 4 )
such that, to leading order in the fermions, 
where iF I µν (Γ I )
R µν (V ) ς ι and f µν =: κ 2 R µν (A). These are the results obtained in [21] in Euclidean signature up to differences in the phase factors.
